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SUMMARY

A fourth-order method, without using extrapolation, is developed for the steady-state solution of a non-
linear system of three simultaneous partial differential equations for the flow of a fluid in a heated closed
cavity. The method is a finite difference method which has converged for all Rayleigh numbers Ra of
physical interest and all Prandtl numbers Pr attempted. The results are presented and compared with some
of the accurate results available in de Vahl Davis and Jones, Shay and Schultz, and Dennis and Hudson. The
method used to develop the fourth-order method presented in this paper can be used to develop high-order
methods for other partial differential equations. The method was developed to be stable without using the
upwinding technique.
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INTRODUCTION

The purpose of this paper is to develop a fourth-order finite difference method to solve the
Navier-Stokes equations describing the flow of a fluid across the square between two plane
parallel straight line boundaries. The problem is formulated in terms of flow in a rectangular
cavity in which the top wall has a temperature T, and the bottom wall a temperature T, with
T,>T,.

The problem to be considered is formulated as follows. Let Q be a square region (0, 1) x (0, 1),
with vertices A, B, C, D, as placed in Figure 1.

On Q the equations of motion to be satisfied are as follows:

Ay =—o, (1)
AT+y,T,—y, T, =0, @)
Aw+(1/Pr)(y 0, —¥,0,)+ RaT,=0, 3)

where ¥/, T'and o represent the stream, temperature and vorticity functions. Equations (2) and (3)
are the non-conservation form. For the case where the surfaces between the hot and cold walls are
insulated, the boundary conditions to be satisfied are

Yy=0 on ABCDA, G

¥,=0, T=0 onAB, ©)

¥»=0, T,=0 on AD and BC, 6)
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HOT WALL
D:(0,1) C:(1,1)
Gravity
y —_——
A:(0,0) B:(1,0)
___x_’ COLD WALL
Figure 1
¥,=0, T=1 onCD. @)

For the case where the temperature varies linearly along the walls separating the hot and cold
surfaces, the condition 7, =0 is replaced by 7=y in equation (6).

In general, these equations cannot be solved by analytical means. Experimental work has been
done by Mull and Reicher,? Elder,® Torrance et al.* and Eckert and Carlson.® Numerical results
have been obtained by many authors, including Poots,® Rosen,’ Elder,* de Vahl Davis,® Wilkes
and Churchill,’ Rubel and Landis,® Newell and Schmidt,!! Schultz ! and Shay and Schultz.}?
However, many of the results were obtained for limited values of Ra and Pr, or with lower-order
approximations. Poots® used a series expansion, while Rosen’ used linear programming tech-
niques and Newell and Schmidt'! used central difference approximations to first derivative terms.
They all used only a value of Pr=0-73. Poots and Rosen could not obtain convergence for
Ra>10000. Others®3°:1° also used central difference approximations, which tend to be unstable
for small values of Pr. De Vahl Davis® and Wilkes and Churchill® were successful with Pr>0-1.
Elder was able to obtain convergence with Pr=0-01, but only for small Ra.

The problem with central differences is that the resulting coefficient matrix contains off-
diagonal values that are large relative to the diagonal values. Thus, using iteration methods
becomes difficult.

One way to avoid large off-diagonal elements is to use the upwind method developed by
Greenspan,'? Schultz! and MacGregor and Emery.!* Schultz obtained convergence for Ra up to
100000 and Pr as small as 0-00001. However, since the method is only first-order, very small mesh
sizes are needed to guarantee accuracy. De Vahl Davis and Jones!> have published a comparison
paper which summarizes results from 36 sources for the case of Pr=0-71, with Ra ranging from
103 to 10°. They include one method which incorporates the second-order difference approxima-
tion with a fourth-order deferred correction step with mesh refinement and the bench mark
solution by de Vahl Davis which uses the usual second-order difference approximation with
a Richardson extrapolation technique. Shay and Schultz'? presented a second-order method and
a fourth-order method using extrapolation which compared favourably with the results of de
Vahl Davis and Jones.!® Saitoh and Hirose!'® use conventional five-point fourth-order approx-
imations for the first and second derivatives to obtain a fourth-order method. The disadvantage
here is that problems arise near the boundary. They also use scaled grid spacing with some new
transformation function. Dennis and Hudson'” developed a compact nine-point difference
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scheme which is fourth-order accurate. This method is a two-dimensional version of the methods
of exponential type which uses the Numerov approximation. They obtained results up to
Ra=10>. It would be interesting to see if their accuracy is maintained for Ra=10°

In this paper we develop a fourth order difference method without using deferred correction or
extrapolation. The method uses a compact nine-point stencil and is simple to implement, for it
can use SOR iteration. The method converges for both large Ra and small Pr and can be extended
to other partial differential equations. The method does not use the upwinding technique.

DIFFERENCE EQUATIONS

On and near the boundary

Since there is no explicit boundary condition for w; we need to update boundary vorticities.
Since w= —,, on AD and BC and w= —,, on AB and CD, from equation (1), we approximate
boundary vorticities by setting

5

lpxxlo= Z “i‘pi’

i=0
using the notation in Figure 2. If we expand each y; about the point 0 in Figure 2, equate the
coefficients and solve the linear system, we obtain
Wo = — Wxx‘O
_~1
~ 60k?

The same formula is used for o= —1,, on AB and CD.
For the case T, =0 on the side boundaries, if we use the formula

Telo=(—2T_,—3T,+6T,—T,)/(+6h)+O(h?),

where the notation in Figure 2 is used, and solve T,|,=0 for T_,, we obtain the temperature on
the outer boundary

(2259 — 770y, + 1070y, — 780y 3 + 305y, — 50¢5) + O (h*). ®)

T-l=(—3T0+6T1—‘T2)/2+0(h4). (9)

We also found that using an inner boundary on the stream equation prevented numerical
instability. (The term ‘inner boundary’ denotes the set of all points that lie at a distance h from the
boundary.!®) We reason that this is because it forces the derivative condition in (5)—(7) to be
satisfied. If we use the difference formula ¥, |o=(— 11+ 18y, — 95 +2¢3)/(+6h)+ O (h>), we
obtain as was done in Shay and Schultz:!2

Yi=2/2—Y3/9+0(h*). (10)
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Or, if we use the difference formula ¥/, | =(—25y¢ + 48y, — 365 + 16y3 — 3y, )/(+ 12h) + O (h*),
we obtain

Y1=3¢2/4—¥3/3+Y4/16+0(h°). (1)

Various higher- and lower-order approximations were tried in place of (8)~(11). However, the
approximation (8), (9) and (11) gave the best overall results. The differences between results for the
various approximations could be made negligible by using a small enough h.

In the interior region

In this section we formulate a stable fourth-order finite difference method that can solve
equations (1)—(3), with a wide range of Pr and Ra values. Note that each of these equations is
a special case of the elliptic equation

Lu=u.,+uy,+p(x, y)uc+q(x, y)u, +r(x, y)u=s(x, y). (12)
Since r(x, y)=0 in equations (1)}3), we may write equation (12) as
Lu=u,.+uy,+pu,+qu,=s, (13)

where p=p(x,y), g=q(x,y) and s=s(x, y). Note that p=g=0 and s= —w in equation (1);
p=—W,, g=y, and s=0 in equation (2 p=—(1/Pr)¢,, q=(1/Pr)y. and s=—RaT, in
equation (3).

To set up a finite difference equation for (13), we use Figure 3 which denotes the placement of
nine points. We denote the point (x;, y;) as 0, ( x;4+1, y;) as 1, etc. Thus, we denote u(x;, y;) =uo,
UXiv1, Yj)=us, ..., U(Xivq, yj-1)=ug, and that p(x;, y;)=po, 4(xi, y;)=qo and s(x;, y;)=5so.

Using the above notation we obtain the following approximations for u,,, u,,, 4, and u, at the
point (x;, y;), numbered 0 in Figure 3:

u3—2u0+u1_h2

uxxlozT Euxxxx|0+0(h4)5 (14)
uy—2ug+u, h®
typlo =7 =15 typmylo + O(h*), (15)
—uy+u; h?
uxl():#l—z'uxxx'o-l'()(h‘t), (16)
—ustu, h?
tylo=—3;——"5 tmlo+ O(H*). (17)
6 2 5
h
h
3 ) 1
7 4 8

Figure 3
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Now, substituting (14)-(17) into the differential equation (13), we obtain the central difference
operator Ly, defined by

4
Lyuo= Y, oyu;=sq+Eo[u], (18)

i=0

where Eq,[u] is the truncation error and

4
%o~ —ﬁ’
a1=;113+§%,
a2=%+%‘, (19)
ekt

Note that when p(x, y) or q(x, y)is large, that is, when Pr is very small, the central coefficient oy
is small relative to the other coefficients, which is the main cause of the instability of the central
difference method.

To obtain a stable fourth-order operator we rewrite the central difference approximation (18) in
a form that includes the error terms. That is,

Lyuo—Eo[ul=s,, (20)

where

hz
EO [u] = —15 (uxxxx + 2puxxx + uyyyy + 2quyyy) |0 + o (h4 ) (21)

Then, we proceed to convert Ey[u] into a combination of the lower-order derivatives u,,, u,,,
Uy, Uy, Uy, etc., which can be nicely approximated by nine points, as given in Figure 3, with
a stabilizing effect. From (13), we have

Uy = — (Pl + qu, + Uy, +5.
Differentiating both sides of this equation with respect to x, we have
Unrx = — (PUx + Pxthx + Qlhyx + Gty + Uyye) + 55,
and
Unxx = —(Plhxxx + 2P tnx + Prxh + Qo Uy + 2G5 Uy + Gy + Upyx) + S
Combining these equations, we have
Ugxx + 2DUxs = — (= Plhazx + 2Pxlhcx F D thx + Gty T 2qxlhyx + Gllyxx + Uyyax) + S
= —[(P? 4 2Px)thys +(PPx+ Prx) e +(Pdx+ 0}y
+(Pq+2G. )ty + Pltyyx + GUhysx + Upyax ] + PSx+ Sxx. (22)
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Similarly, we have
Uyyyy +2quyy, = — [+ 29,)u,,+(qq, + 4y, +(qpy + Dyy)tx

+(pq+2p,) sy + QUxy + Pltayy + sy, 1+ G5, + 5, (23)
Then, substituting (22) and (23) into (21) and assuming that u,, =u,,, Uex, = Uyxx AN Usyy, = Uy ix,
we have

h2
EO [u} =- E [(p2 + 2px)uxx + (ppx + qpy +pxx + pyy)ux + (q2 + zqy)uyy +(qu + qqy + Qxx + qyy)uy
h? .
+2(pq + Py + qx)thxy + 2(Plhxyy + Qhxxy + Uxzyy) 110 AT (PSx+qSy+Sxx+5yy)lo + O(H).
(24)

Note that the terms (p* + 2p,)u,, and (¢* +24q,)u,, can produce strong central coefficients, when
they are approximated by (14) and (15).
Using (24) in (20) and rearranging (20), we obtain

Lyuo—Eo[u]=s§, (25)
where
o h?
EO[u]=E0[u:l_1_2‘ (psx+qsy+sxx+syy)|0’ (26)
and
h2
5§ =50 +5 (PSx+g5,+Sxx+Syy)lo - (27

To approximate Ey[u], we need to approximate uyy, Uyyy, Uy, and uy,,, . So we derive the
following formulas by Taylor series expansions:

uxy](,:Z%E(u7—u6—u8+u5)+0(h2), (28)
uxx,,|0=%(—u7+2u4—us+u6—2u2+u5)+0(h2), (29)
u,,,,,lo:z;?(——u7+2u3—u6+u8—2u1+u5)+0(h2), (30)
uxxyyl(,:;llz (Ur —2ug +ug —2uy + 4ug—2uy +ug—2u, +us)+ 0 (h?). (31

Note that we can derive the formula (28) by u.lo=(—usla+usl2)/(2h), (29) by
uxxyIO =(_ uxx|4 + uxle)/(zh)9 (30) by uyyx'O =(_ uyylS + uyyll )/(2h) and (31) by uxxy}"o =
(Usx|a — 2uyx|o + tixx|2 ) /H2. Although the order of the error term for each formula is not obvious, it
is easy to prove second-order accuracy by Taylor expansion.

Now, we approximate E,[u] using the formulas (14)~(17) and (28}-(31)

8
Eo[ul= .Z,o Biu;+O(h*), (32
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where

4
Bo=— azte (p +q*+2p:+2q,)lo,
2 po
Bi= 6h2+6—h_ﬁ(p +2pI)lo— (ppx+qpy+pxx+pyy)lo,
2 4o
BZ 6h2+6h 12(q + qy)lO (pqx+qq,v+qxx+qyy),0a
2 po
B3=W_g};"l—(l7 +2px)|0+ (ppx+qpy+pxx+pyy)lo,
2 do 1
ﬂ4=@3—g};—ﬁ(4 +2qy)|o+ (pqx+qqy+qxx+qy,)|o, (33)

8 _ =1 po+qo (pg+py+ds)lo
76k 12k 24 :

~1 —po+4qo (pg+p,+4:llo

Be=Gw 121 T
g,= L Po—do (PatPytdslle
" 6h2 12h 24 ’
B —-1 Po—40 (Pq+py+qx)l0
8— - .

6k 12h 24

Finally, substituting (32) into (25), we obtain the stable fourth-order operator L} for equation
(13), defined by

L¥uo= Z afu;=s§+E§ul, (34)

i=0

where s is given by (27) and af =a;— B;. Also, we see that Eg[u], the local truncation error,
is O(h*).

Now, we are ready to set up the difference equations for each of the equations (1)~(3). First, for
equation (1), where p=g=0 and s= —w, we have the following difference equation:

8

L¥yo= Y aXyi=ss +ES[¥], (35)
i=0
where
20
*= T
%= "en2
R S . (36)
1 2 3 4 6h2 s
* %* * % 1
05 =0g =0A7 =0Ug =77
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and
2

h
_wo'—l_z-(wxx+wyy)|0- (37)

sg=

Note that if s= —w is harmonic, s§=s,= —w,, since w,,+,,=0 in (37). This implies that, in
such case, the operator L} is identical to the nine-point formula for the Poisson equation, which
has O(h®) accuracy as discussed in Reference 19 (p. 195). When s= — w is not harmonic, we can
approximate s& in (37) with O(h*) accuracy by approximating w,, and w,, with central difference
formulas (14) and (15). Since the local truncation error E§ [y]= 0(h*), as was the case for EZ[u]
in (34), L¥ has fourth-order accuracy in this case. We remark that our fourth-order formuia
(35)37) for this particular case is identical to the fourth-order formula for the Poisson equation
with non-harmonic non-homogeneous terms, derived in Reference 20 (p. 282) in a different way.

Next, for equation (2), where p=—y,, g=y, and s=0, we have the following difference
equation:

LiTo= Y} T=E3[T], (38)
i=0
where
20 1
a3=—W—g(p2+q2+2px+2q;:)|o,
x_ 4 po

oF = h2+3h+ﬁ(p +2px)|o+ 7 (PPt APy Pax Pyl

4
a2‘= g;’l (q +2‘Iy)‘0+ (pqx+qqy+qxx+qyy)|o,

4 po
af= W_ﬁ+ﬁ(p +2p,)lo— (ppx+qpy+pxx+pyy)lo,

PN

aI=W—§,—I+—(q +24,)lo— (pqx+qqy+qn+qyy)lo, (39)
a*=_1_ Po+do , (Pg+Ppy+d:)lo
ST 6k 12k 24 ’
(1*=——1—'+ ‘Po+40___(P‘I+Py+‘Ix)|o
¢ 6h? 12h 24 ’
I —po—4qo  (Pg+p,+q:)lo
*x ___ ¥y
et Ton T a
a*__1_+p o—4o (Pg+p,+dx)lo
8T 6hr" 12k 24

In (39), p= —y, and g=y,, from which we have p,= —,,, Py=—VYyy,4==VYx.and g,=y,,. We

also have pe,+py,= ~Ysxy— Y,y = —(0/0y) Wxx+¥,,)=w,, using equation (1) and, similarly,
qxx+qyy= — Wy,
For a fully fourth-order difference scheme we need to approximate p= —y, and =4y, with
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O(h*) accuracy, which is done as follows:

lﬂy=(— '«/’4 + l/’2)/(2}')_}12 l//yyy/6 + O(h“)
—Ya+Y2)/Qh) + P (Y xy + ©,)/6+ O (h*),

since ¥,y = — (Y sy + @,) from equation (1). In the similar way,

Ve=(—Y3+1)/(20) +h* e+ 0:)/6+ O (h*).

We then approximate ¥ .., ¥,,x, ©x and w, with O(h?) accuracy using (29), (30), (16) and (17),
respectively. However, note that for p,, p,, Pxx+ Dy, €tc. O(h?) accurate approximations are
enough, since they are parts of (21) and (26). Also note, that Ef[T]=0(h*) as was the case for
E%[u] in (34). We, thus, have a fully fourth-order difference scheme for equation (2).

Finally, for equation (3), where p= —(1/Pr)y,, g=(1/Pr)y; and s=—RaT,, we have the
following difference equation:

8
L;‘(l)oE Z O(?‘a),-=s3 "‘E(’)k [(l)] 5 (40)

i=0
where

20 1
g =— 6—hz~—(p +q% +2p.+24,)lo,

4 p
at=csty 0+ 5 (P +2px)|0+ 7 (PPx+ P+ Pax+Py)los

4 q
o= h2+32 (q +2qy)|o+ (qu+qqy+qxx+q”)|o,

4 po h
a’;:gﬁi_ﬁ"‘__(p +2px)|0_54_(ppx+qpy+pxx+pyy)|09
ai‘—i—@+—(q +24,)l0— (pq + 49, + s+ dyy)lo (41)
6h2 3h y x y XX yy s
a*=__1_+p0+q0 (P‘1+Py+qx)|o
S76h T 12k 24 ’
oo L —Potdo (Pa+p,+adlo
® " 6h? 12h 24 ’
1 —py—
o =t Po ‘10+(P‘I+Py+Qx)|o

~n

6h 12h 24 ’

at = 1 Po—do_(Pa+py+dx)lo

2t 1om 24

In (41), p= —(1/Pr)¢, and q=(1/Pr)y,, from which we have p,=—(1/Pr){.,, p,= —(1/Pr)y,y,
q,=(1/Pr)y, and q,=(1/Pr)y,,. We also have, using equation 1),

Pxxt+Pyy= —(I/Pr)(l//xxy"“lpyyy)_ (I/Pr) (¢xx+l//yy) (I/Pr)w
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Similarly, we have

Qux+4yy= _(I/Pr)wx

All these terms are approximated as was done before in (39).
And s§ is, from (27),
h2
Sg_—'so +E(psx+qsy+sxx+syy)|07 (42)

where p=—(1/Pr)y,, g=(1/Pr)y, and s= —RaT,. From s= —RaT,, we have s,=—RaT,,,
s,= —RaT,,. Then, using equation (2), we have

0 0
Sxxt Sy = '—Ra(Txxy'l' Tyyy)= —Ra @ (Txx+ Tyy)= —Ra a—y (_l/’x Ty+‘lly Tx),

from which it follows that

Sxxt 5y = _Ra(_‘//xy Ty_wayy‘Hﬁy.v Tx'H//y Tx}’)
= _Ra.Pr(pry_quy‘pyTx_pTxy)-

Note that s§ will be O(h*) accurate when we approximate s= — RaT, with O(h*) accuracy and all
other terms with O(h?) accuracy. Therefore, we approximate s= — RaT, as follows:

s=—RaT,= —Ra(— T4+ T,)/(2h)+ Rah? T,,, /6 + O(h*)
= _Ra(_ T4 + TZ)/(2h)—Rah2(Txxy + lllxy Ty+ ‘/’x Tyy _lpyy Tx_ ‘py Txy)/6 + 0(h4),

since T,,,= —(0/3y) (Tox+ Y. T,— ¥, T,) from equation (2). Also, E§ [w]=O0(h*) as was the case
for E§[u] in (34).

RESULTS AND CONCLUSIONS

Solutions have been obtained for 1 <Ra<10° and Prandtl numbers 0-00001 < Pr < 10. Results
have been obtained for the number of grid spacings n in each direction varying from 10 to 120. All
results were run on the IBM RISC 6000 series model 530. The time for Ra=10* and n=20 was
15 s, for Ra=10* and n=40 was 3 min 50 s and for Ra=10* and n =80 was 60 min 27 s. We used
SOR iteration with an absolute convergence test of 0-000002. As in References 12 and 15, the
average Nusselt number Nu was calculated through the use of a three-point approximation to T,
at the cold wall and Simpson’s rule to approximate j'(l, 0T /0y|y=o dx.

Figures 4-15 contain level curves for the stream, vorticity and temperature functions.

Tables I-VI contain results which are compared with those of de Vahl Davis and Jones,!> Shay
and Schultz,'2 Dennis and Hudson!” and Saitoh and Hirose.!¢

Table I compares the results from the first-order method of Schultz,' the second-order method
of Shay and Schultz'? and the current fourth-order method for the case where T=y on the side
boundaries. Note that the results from this paper for n=10 are better than the results for n=80in
Reference 1 and close to the results of n=40 in Reference 12. Note also that the results for the
fourth-order method are virtually identical for n=40, 60 and 80, showing excellent convergence.

Tables II and III compare the results from the current fourth-order method and the second-
order method in Reference 12 for the case T, =0 on the side boundaries for various values of k for
Ra=10°. Note that the results for n=40 in this paper are close to the extrapolated results from
Reference 12. For example, we have ;3 =9:093 for n=40, while the extrapolated result from
Reference 12 is 9-089 using n=40 and n=80.
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Table I. Comparison of results from the current fourth-order method and the first-order method in
Reference 1 and the second-order method in Reference 12. Ra=10* and Pr=0-73 and T=y on the
side boundaries

First-order method Second-order method Fourth-order method

Schultz! Shay and Schultz!? Current study
n Vmid WOmid L/ Omig Ymia Wmig
10 7962 1680 6764 139-4 6243 129-60
20 7066 142-0 6430 1307 6-324 12901
40 6-590 1350 6357 1294 6-3430 129-07
60 na. n.a. n.a. n.a. 63436 129-08
80 6423 1323 n.a. n.a. 63437 129-08

n.a.=Not available.

Table II. Results from the second-order method in Reference 12 for Ra=10° and
Pr=0-71 as a function of n. Extrapolated results are obtained from the results with

n=40 and n=_860
n=20 n=40 n=280 Extrapolated
Nu 4943 4658 4-543 4-505
Vmia 9-31 9-24 9127 9-089
9-83 9-74 9628 9-591

max

Table II1. Results from the current fourth-order method for Ra=10°
and Pr=0-71 as a function of n

n=20 n=40 n=060 n=80 n=100
Nu 4730 4-580 4-542 4529 4-524
Wimia 8-988 9-093 9113 9116 9116
9-450 9-588 9-616 9618 9-617

max

Table IV compares the present results for Ra=103, 10%, 10° and 10° with those in Shay and
Schultz,!? the bench mark solutions in de Vahl Davis,'® the compact difference solutions in
Dennis and Hudson!’ and the results from Saitoh and Hirose.!® The table shows the excellent
agreement of the present results with those of the bench mark solution for all the values of Ra
from 103 to 108, with those of Saitoh and Hirose for Ra=10* and Ra=10° and with those of the
compact difference method up to Ra=10°. (The resuits of Saitoh and Hirose are not available for
Ra=10* and Ra= 106 and those of the compact difference method are not available for Ra=10°.)
The difference is well within 0-2% up to Ra=105%, except with one result from the compact
difference scheme, and within 0-8% for Ra=10°,

Table V shows the convergence of the current fourth-order method as n increases (h decreases).
Note that there is very little change in the results in Table V for n=40 and 60 for Ra<10%, and for
n=280 and 100 for Ra=10° showing excellent convergence. For Ra=10° the results are quite
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Table IV. Comparison of the best results from Shay and Schultz,!? the bench mark solutions by
de Vah! Davis,!® the compact difference solutions by Dennis and Hudson'!” and the results from
Saitoh and Hirose!® (Pr=0-71)

Reference Ra 10° 10* 10° 108
Nu n.a. 2-257 4-505 n.a.
Shay and Schultz!? Vmia na. 5070 9-089 na.
max n.a. 5070 9-591 n.a.
Nu 1-118 2:243 4519 8-800
de Vahl Davis and Jones!3 Wmid 1174 5071 9111 16:32
W imax na. na. 9612 16:750
Nu na. 2-2424 n.a. 87126
Saitoh and Hirose!® Vmid na. 50731 na. 16:245
max n.a. na. na. n.a.
Nu 1-1176 2-2396 4-4959 n.a.
Dennis and Hudson!’ ¥ mid 1-1747 50735 9-1126 n.a.
W max na. n.a. n.a. n.a.
Nu 1-116 2243 4524 8870
Present method Wmid 1-174 5073 9-116 16:379
Wimax 1174 5073 9:617 16:804

Table V. Comparison of the present fourth-order results as a function of Ra and n (Pr=0-71)

Nu 1109 1112 1115 11116 1116
Ra=10° Wmia 11162 1171 1173 1174 11174
Y max 1-162 1-171 11173 1174 1-174

Nu 2:327 2:265 2:245 2243 2:243
Ra=10* Ymid 5050 5065 5074 5073 5073
W max 5050 5065 5074 5073 5073

n=20 n=40 n=60 n=80 n=100

Nu 4730 4:580 4542 4529 4524
Ra=10° Ymid 8-988 9-093 9113 9116 9-116
Vimax 9450 9-588 9616 9618 9-617

n=40 n=60 n=380 n=100 n=120

Nu 9-292 9-059 8951 8-898 8870
Ra=10° Vmid 16069 16-253 16:337 16-368 16379
¥ max 16-485 16:679 16:763 16:793 16:804
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Table VI. Comparison of results from the current fourth-order
method and the second-order method in Shay and Schultz!? for
Ra =100 and Pr=0-0001

Method n Vmia Nu
Second order!? 80 01054 1-00045
Fourth order 80 01033 09995

Table VII. Results from the current fourth-order method for Ra=100 and Pr=10 as
a function of n

n=10 n=20 n=40 n=60 n=_80
Nu 09903 09958 09982 0-9988 0-9980
Wmia 0-1248 01259 01262 01263 01263
WOmid 3-494 3-508 3-515 3-517 3-517

close for n=280, 100 and 120. Although the present method showed excellent convergence, a finer
mesh size was needed for larger Ra to obtain accuracy. This limitation may be overcome by the
use of mesh refinement or co-ordinate transformation, which is under consideration.

In addition, a collection of results from 36 sources is summarized in Reference 15. One source
used a mesh size n= 80 for Ra=10°, but had difficulties preserving the symmetry of the problem.
Also, none of the methods in References 15, 16 and 17 indicates success with small Pr. But the
present method produced results for a wide range of Pr. Table VI compares the results of the
present method with those of Shay and Schultz'? for Pr=0-0001 and Ra=100, and Table VII
shows the results for Pr=10 and Ra=100. Our numerical results showed that for Pr>1 the
present method converged very nicely. The results did not show any change for Pr> 10, Ra=100.

It is the success of the current method with the wide range of Ra, Pr and mesh sizes that
indicates the potential of this method as an accurate and stable numerical method applicable to
a wide range of problems.
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